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Methods Available

Direct (elimination) Methods
@ Gauss Elimination Method
@ Gauss-Jordan Method
@ LU Decomposition Method

Indirect (iterative) Methods
@ Jacobi’s Method
@ Gauss-Siedel Method
@ Relaxation Method
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Methods Available

Gauss Elimination

o The goal is to construct an equivalent upper-triangular system Ux = b that can be
solved by the method of upper-triangular linear systems

o Two linear systems of dimension n x n are said to be equivalent provided that their
solution sets are the same.

@ When certain elementary operations are applied to a given set of system, the
solution sets do not change

o Elementary Operations:
The following operations applied to a linear system yield an equivalent system:

Operation Description
Interchanges  The order of two equations can be changed
Scaling Multiplying an equation by a non-zero constant

Replacement  An equation can be replaced by the sum of itself and
a nonzero multiple of any other equation
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Methods Available

Gauss Elimination

o Elementary Row Operations on Augmented Matrix:
The following operations applied to an augmented matrix yield an equivalent
linear system:

Operation Description
Interchanges  The order of two rows can be changed
Scaling Multiplying an equation by a non-zero constant

Replacement  The row can be replaced by the sum of itself and
a nonzero multiple of any other row; i.e.
TOW; = TOW; — Myp X TOW,

o The number a,, in coefficient matrix A that is used to eliminate ay., where
k=r+1,r+2,...,nis the rth pivotal element, and the rth row is called the pivot
row
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Methods Available

Gauss Elimination

o Consider the augmented matrix [C] of a system of equations [AJX = b

ail a2 ... Qin Ala41

azi azz . az az.n+1
[C] _ n n+

dn1 an2 e Ann an,n+1

where the first n columns of [C] are same as the columns of [A] and the last (n + 1)*
column is the same as the constant vector b.

9 Using (n — 1) elimination steps, [C] is reduced to an upper triangular augmented
matrix [C"™'] of the form

0 0 0 0 0 0
agl) agz) a§3) .- 05,3_1 agn) ag,r)ﬂ—l
(1) (1) (1) (1) (1)
[C(n—l)] _ 0 ay ay ... AGug Ao a3 nt+1 )
o o o0 .. o0 an? &Y

where superscript indicates elimination step to obtain a particular coefficient.
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Methods Available

Gauss Elimination

o The first elimination step is applied to obtain elements a

i(jl) as
(0) .
O _ 0 _ %% (0, 1=2,3,...,m
with the first row used as the pivot row and ai; the pivot element.
The general elimination formula is
. ) =D . i=k+1,k+2,...,n
af) = af 7V - S sag ™Y, {j—k,k+1,.. n+1 ©)
Qe k=1,2,3,....,.n—1

pivot element is a,gl,ﬁ*l), which cannot be zero!!

o At the end of (n — 1) elimination steps, the system of equations will be reduced to a
triangular form of Eq. (1).
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o Using back substitution, the unknowns x; are computed as
Xn

n
Qing1 = Do @
j=it+1
Xi =
Qi

i=n—1,n-2,.
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Methods Available

Gauss Elimination

Example: In a three-equation system

a1 a2 a3 x1 by
az ax» ax; X3 p =< by
asp asz2 ass X3 b3

elimination steps involved are

@ Multiply row 1 by the factor fo1 = % and subtract the result from row 2 to eliminate ay,
azy — Ay, 23 — Al
@ Multiply row 1 by the factor f3; = “% and subtract the result from row 3 to eliminate asq,

/ /
asz — dgy, A33 — dgg

’
@ Multiply row 2 by the factor fz» = ~32 and subtract the result from row 3 to eliminate ass,
2
as3 — dzy
The upper triangulation of [A] above created zeros in as1, as; and asz to give us

ari a/lZ a/13
0 ay, ay
I’

0 0 ags
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Methods Available

Gauss Elimination-Example 1

Problem Statement:

Reduce the following coefficient matrix [A] to an upper triangular matrix suitable for

backwards substitution

4 3 -1

A=| -2 —4 5

1 2 6
Solution:
Start with

A=| -2 —4

[9)]

R2
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Methods Available

Gauss Elimination-Example 1
Solution (continued):
Use R1 to eliminate elements of [A] in C1 below a1

asi -2 asy 1
=2 ="2=_0.50 =—=-=+0.25
fa an y) fa an 2 +

and apply the following two operations to R1 and R2, respectively
R2' =R2— fnR1 R3’ =R3 — fyR1
to get

4 3 -17R1
0 —-250 45 | R2—R2
0 1.25 6.25 R3 — R3’
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Methods Available

Gauss Elimination-Example 1
Solution (continued):
Use R2' to eliminate elements of [A] in C2 below a5,

af, 125
=2 _ —% — 050
f ah,  —2.5

and apply the following operation to R3’
R3" =R3’ — f35R2’

to finally get

4 3 -1 R1
U=| 0 -250 45 R2'
0 0 85 R3’" — R3"
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Methods Available

Gauss Elimination—Example 2

Problem Statement:
Reduce the following set of equations to a triangular form:

2x1 — X2 +x3 =4 (ED)

4x1 +3x2 —x3 =6 (E2)

3x1 + 2x2 + 2x3 = 15 (E3)
Solution:

Work through the example.
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Methods Available

Gauss Elimination—Example 3

Problem Statement:

Find the solution of the following set of equations using the Gauss elimination method:

2x1 — X2 +x3 =4
4x1 +3x2 —x3 =6
3x1 + 2x2 + 2x3 = 15

Solution:
Work through the example.
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Methods Available

Gauss Elimination-Example 4

Problem Statement:

Express the following system in augmented matrix form and find an equivalent

upper-triangular system and the solution.

X1+ 2x2 +x3 4+ 4xs = 13
2x1 + Ox2 + 4x3 + 3x4 = 28

4x1 + 2x2 + 2x3 + x4 = 20
—3x1+x2+3x3+2x4 =6

Solution:
Work through the example.
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Methods Available

Gauss Elimination—Example 5
Problem Statement:
Modify gauss. f to use Gauss elimination method to solve

X1+ 2x3 +x3 + 4x4 = 13
2x1 + Ox2 + 4xcs + 3x4 = 28

4x1 + 2x2 + 2x3 + x4 = 20
—3x1+x2+3x3+2x4 =6

Re-write the code in gauss. £ in the form of a subroutine.

Abu Hasan Abdullah (FME) SME 3023 Applied Numerical Methods

Sept 2012

16/ 34



Methods Available

Gaussian-Jordan Elimination

o This is an extension of Gauss elimination.

@ It uses the same elementary operations as Gauss elimination
@ The difference between the two:

2 Gauss elimination reduces all the off-diagonal elements below the diagonal to zero
2 Gauss-Jordan elimination reduces all the off-diagonal elements both, below and above
the diagonal to zero. For a 3 x 3 matrix, for instance, we will end up with

dy 0 0
Dl=| 0 dp O
0 0 ds
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Methods Available

LU Decomposition

o Involves factoring coefficient matrix into two triangular matrices that can be used
to efficiently evaluate unknown vector {x} for different RHS constant vector {b}

o For system of linear algebraic equations [A]{x} = {b} Gauss elimination becomes
very inefficient when solving equations with the same coefficients [A] but with
different RHS constants {b}, for example

X1+ 2x2 +x3 + 4x4 =13 X1+ 2x2+x3+4xs =3
2x1 + Ox2 + 4x3 + 3x4 = 28 2x1 +0x2 +4x3+3x4 =8
4x1 + 2x2 4+ 2x3 + x4 = 20 4x1 + 2x2 + 2x3 + x4 = 2
—3x1+x2+3x3+2x4 =06 =3x1+x2+3x3+203 =7
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Methods Available

LU Decomposition

o A system of linear algebraic equations [A]{x} = {b} re-arranged

[Al{x} —{b} =0 ©
o Suppose that Eq. (6) could be expressed as upper triangular system, say for 3 x 3
system,

Uil Uiz U3 X1 dy
0 U2 Uzs X2 = dz (7)
0 0  uss X3 ds

and then re-arranged to be

[UH{x} —{d} =0 ®
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Methods Available

LU Decomposition

o Now assume that there is a lower triangular system, with 1’s on the diagonal

[ 1 0 O ]
Ll={lan 1 O ®
l31 Il 1
that has the property that when Eq. (8) is premultiplied by it will result in Eq. (6)
LI([UNx} = {d}) = [A]{x} — {b} (10)
o If Eq. (10) holds, it follows from rules of matrix multiplication that
[L][U] = [A] (an
and
[L|{d} = {b} (12)
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Methods Available

LU Decomposition Using Gauss Elimination

o Take a three-equation system for LU decomposition

apl a2 ais X1 by
Q1 az dgzs X2 =<¢ by
as1 dsz adss X3 b3
o Steps
@ Multiply row 1 by the factor fo; = Zﬂ and subtract the result from row 2 to eliminate

a1, azz — by, A2z — aby
@ Multiply row 1 by the factor f31

I
2
5
ad

oy and subtract the result from row 3 to eliminate
! !
asi, agz — dsy, A3z — dgg

/
@ Multiply row 2 by the factor f3» = 232 and subtract the result from row 3 to eliminate

|
oY
N

1"
asz, azz — dsg
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Methods Available

LU Decomposition Using Gauss Elimination

o Triangulation of [A] above would have created zeros in a1, as1 and as», yielding

ail iz ais
0 ay ax
0 0 aélg

o If, instead of storing zeros in az1, asi; and asz, we store fa1, f31 and f32, we get

ail a2 ais
fa ayn  ax (13)
fs1 fe as

o Eq. (13) represent an efficient storage of the [LU] decomposition of [A], i.e.

[A] — [L][U] 14)
where
ain a2 dis 1 0 O
U] = 0 ajp ay Ll=|fa 1 0
0 0 a’3’3 f31 fgz 1
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Methods Available

LU Decomposition Using Gauss Elimination—-Example 1

Problem Statement:
Compute the LU decomposition matrix [A] where

4 3 -1
A=| -2 -4 5
1 2 6
Solution:
Start with
1 0 O 4 3 -1 R1
A=10 1 0 -2 -4 5 R2
0 0 1 1 2 6 R3
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Methods Available

LU Decomposition Using Gauss Elimination—-Example 1
Solution (continued):
Use R1 to eliminate elements of [A] in C1 below a1

asi -2 asy 1
=2 ="2=_0.50 =—=-=+0.25
fa an y) fa an 2 +

and apply the following two operations to R1 and R2, respectively
R2' =R2— fnR1 R3’ =R3 — fyR1
to get

1 0 O 4 | R1
-050 1 O 0 —-250 45 R2’
5 01 0 1.25 6.25 R3’
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Methods Available

LU Decomposition Using Gauss Elimination—-Example 1
Solution (continued):
Use R2' to eliminate elements of [A] in C2 below a5,

af, 125
=2 _ —% — 050
f ah,  —2.5

and apply the following operation to R3’

R3" =R3’ — f35R2’

to get
1 0 0 4 3 -1 R1
—0.50 1 0 0 —-250 45 R2'
0.25 —-0.50 1 0 0 85 R3”
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Methods Available

LU Decomposition with Matlab

Problem Statement:
Use Matlab to compute the LU decomposition and find the solution for the linear system

3 -01 -0.2 X1
0.1 7 —-0.3 X2 =
0.3 -0.2 10 X3
Solution:

Matlab Session

>> A
>> b

>> [L U pl = lu(A)

>> x

[3 -0.1 -0.2; 0.1 7 -0.3; 0.3 -0.2 10];
[7.85 -19.3 71.4]1°;

inv (A) ¥b % solve for x

7.85
-19.3
71.4

% decompose A into L and U
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Methods Available

Jacobi’s Iteration Method

o Consider a system of simultaneous linear equations with there equations and three

unknowns

aixi + aiaxe + disxs = bx
az1x1 + azaXz + dz3x3 = b

asix1 + asaXxz + dssxs = bs

@ Egs. (15) in matrix form

ail a2 ais X1 by
a1 a2z A3 X2 = bs
as; dasz ass X3 bs
—_——  —\—
[A4] {x} {b}
or simply

Al ® = (b}

Abu Hasan Abdullah (FME) SME 3023 Applied Numerical Methods
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Methods Available

Jacobi’s Iteration Method

o From Egs. (15),

b

xan _ b ae e s (189)
ai ai ai
b

e 2 b2 am i az (18b)
a22 asz azz2
b a a

ey Z b da i dm (180
ass ass ass

If we initialize the vector of unknowns {x}® with
+®

1
{X}(k) — Xék)
x{

(19

and substitute into Eq. (18), a new vector {x}U‘H) is calculated. This process is
continued until sufficient accuracy is achieved, i.e. until

o = ® k=o0,...,N (20)

where N is the total number of iteration performed.
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Methods Available

Jacobi’s Iteration Method

o In general, for n x n set, Egs. (18) can be expressed in the following form:

1 n
{X}(k+1) = a— bi — Z aijxj(k)
j=1

44

or in matrix form

k+1
X1 (k) B 0 An
X2 B> Ay O
Xn Bn Anl An2
where
Qjj . . b;
Aj=—, i=1...,n, j=1,...,m Bi= —,
Qaji Qaji
and N is the total number of iterations.
Abu Hasan Abdullah (FME) SME 3023 Applied Numerical Methods

Aln
A2n

21
PN
X2
(22)
Xn
NH k=0,...,N

Sept 2012 29/34



Methods Available

Jacobi’s Iteration Method-Example 1

Problem Statement:
Modify jacobi.f to use Jacobi’s iteration method to solve

X1+ 2x3 +x3 + 4x4 = 13
2x1 + Ox2 + 4xcs + 3x4 = 28

4x1 + 2x2 + 2x3 + x4 = 20
—3x1+x2+3x3+2x4 =6

Re-write the code in jacobi.f in the form of a subroutine.
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Methods Available

Gauss-Siedel Iteration Method

o This method presupposes that the new solution values are better approximation to
the exact solution than the initial assumed values. This is true for most engineering
problems. For the 3 x 3 system in Egs. (15) the solution for the new values become

b a a

x§k+1) S ﬂxé") _ ﬁxék) (23a)
ai ail ai
b a a

a2 22 L, (D) 223,06 (23b)
az A2 a2
b

X§k+1) 2 _ ﬂxgk“) _ @xé’“rl) (230)
ass ass ass

9 It can be seen in Egs. (23) that x; is computed by assuming x> and x3. Then the
new x; value and the assumed x3 value are used to calculate a new x; value. This
process is continued by substituing the new x; and x» values to determine a new x3

value.
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o In general

b i1 n
xD =20 % G _(er1) - »
i a;i a; j 2 J
j=1 >
i:l,...,n, ]=1, .

k=1,....N

24)
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Methods Available

Gauss-Siedel Iteration Method—Example 1

o Example
Problem Statement: Modify ex3s46.f to use Gauss-Siedel iteration method to
solve

X1+ 2x2 +x3 +4x4 = 13
2x1 + Ox2 + 43 + 3x4 = 28

4x1 + 2x2 + 2x3 + x4 = 20
—3x1+x2+3x3+2x4 =06

Re-write the code in ex3s46.f in the form of a subroutine.

Abu Hasan Abdullah (FME) SME 3023 Applied Numerical Methods Sept 2012 33/34



Bibliography

@ STEVEN C. CHAPRA, RAYMOND P. CANALE (2006): Applied Numerical Methods for Engineers,
5ed, ISBN 007-124429-8, McGraw-Hill

@ SINGIRESU S. RAO (2002): Applied Numerical Methods for Engineers and Scientists, ISBN
0-13-089480-X, Prentice Hall

@ DAVID KINCAID AND WARD CHENEY (1991): Numerical Analysis: Mathematics of Scientific
Computing, ISBN 0-534-13014-3, Brooks/Cole Publishing Co.

@ STEVEN C. CHAPRA (2005): Applied Numerical Methods with MATLAB for Engineers and
Scientists, ISBN 007-124484-0, McGraw-Hill

@ WILLIAM J. PALM III (2005): Introduction to Matlab 7 for Engineers, ISBN 007-123262-1,
McGraw-Hill

@ JoHN D. ANDERSON, JR. (1995): Computational Fluid Dynamics—The Basics with
Applications, ISBN 007-113210-4, McGraw-Hill

Abu Hasan Abdullah (FME)

SME 3023 Applied Numerical Methods Sept 2012 34/34



	Methods Available
	Gauss Elimination
	Gaussian-Jordan Elimination
	LU Decomposition
	Jacobi's Iteration Method
	Gauss-Siedel Iteration Method

	Bibliography

